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Abstract. It is now widely accepted that the Maxwell equasiaf Electrodynamics
constitute a self-consistent set of four independwartial differential equations.
According to a certain school of thought, howevelf of these equations — namely,
those expressing the two Gauss’ laws for the éteatnd the magnetic field — are
redundant since they can be “derived” from the liaing two laws and the principle
of conservation of charge. The status of the lgiterciple is thus elevated to a law of
Nature more fundamental than, say, Coulomb’s lawthis note we examine this line
of reasoning and we propose an approach accordimdpich the Maxwell equations
may be viewed as a Backlund transformation reldiglds and sources. The conser-
vation of charge and the electromagnetic wave @&mpmithen simply express the
integrability conditions of this transformation.

1. Is Gauss’ law of Electrodynamics redundant?

As we know, theMaxwell equationglescribe the behavior (that is, the laws of change
in space and time) of the electromagnetic (e/ml fi€his field is represented by the
pair (E, B), whereE and B are the electric and the magnetic field, respebtivihe
Maxwell equations additionally impose certain baanydconditions at the interface of
two different media, while certain other physicehthnds are obvious (for example,
the e/m field must vanish away from its localizedurces”, unless these sources emit
e/m radiation).

The Maxwell equations are a system of foutigladifferential equations (PDES)
that is self-consistent, in the sense that thesatemns are compatible with one an-
other. The self-consistency of the system alsoigsphe satisfaction of two impor-
tant conditions that are physically meaningful:

e theequation of continuityrelated taconservation of chargeind

e thee/m wave equatioim its various forms.

We stress that these conditions aeeessary but not sufficiefdr the validity of the
Maxwell system. Thus, although every solutit, B) of this system obeys a wave
equation separately for the electric and the magrieid, an arbitrary pair of fields
(E, B), each field satisfying the corresponding wave &qoadoes not necessarily
satisfy the Maxwell system itself. Also, the priplei of conservation of chargannot
replaceany one of Maxwell's equations. These remarksjastfied by the fact that
the aforementioned two necessary conditions aneateby differentiatingthe Max-
well system and, in this process, part of the mi@iion carried by this system is lost.
[Recall, similarly, that cross-differentiation dfe Cauchy-Riemann relations of com-
plex analysis yields the Laplace equation (see Seby which, however, we cannot
recover the Cauchy-Riemann relations.]
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The differential form of the Maxwell equatsis

(@ V-E=2 (9 VxE=-2
& ot )
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where p, J are the charge and current densities, respect{iedy “sources” of the

e/m field). Both the fields and the sources arections of the spacetime variables
(xy,zt). Equations (&) and (b), which describe thdiv of the e/m field at any mo-
ment, constitutésauss’ lawfor the electric and the magnetic field, respesyivin
terms of physical content, gL expresses the Coulomb law of electricity, whilb)(
rules out the possibility of existence of magngiites analogous to electric charges.
Equation (t) expresses thBaraday-Henry law(law of e/m induction) and Eq. i
expresses thémpere-Maxwell law Equations (&) and (1l), which contain the
sources of the e/m field, constitute then-homogeneouslaxwell equations, while
Egs. (b) and (k) are thehomogeneousquations of the system.

By taking thediv of (1d) and by using (@), we obtain theequation of continuity
which physically expresses tipeinciple of conservation of chargsee, e.g., [1], pp.
134-6):

7.3+ 0 (2)
ot

Although the charge and current densities on ftijiet+#hand sides of &) and () are
chosen freely and are considered known from theebutelation (2) places a severe
restriction on the associated functions. A différend of differentiation of the Max-
well system (1), by taking thet of (c) and ¢l), leads to separate wave equations (or
modified wave equations, depending on the mediamdHe electric and the magnetic
field (see, e.g., [1], pp. 161-4).

In most textbooks on electromagnetism (¢256] and many more) the Maxwell
equations (1) are treated as a consistent setuofiidependent PDEs. A number of
authors, however, have doubted the independenteioBystem. Specifically, they
argue that (@) and (b) — the equations for thdiv of the e/m field, expressing Gauss’
law for the corresponding fields — are redundantesithey “may be derived” from
(1c) and () in combination with the equation of continuity).(¥ this is true, Cou-
lomb’s law — the most important experimental lavelt#ctricity — loses its status as an
independent law and is reduced to a derivativerdmleo The same can be said with
regard to the non-existence of magnetic poles tuifga

As far as we know, the first who doubteditidependent status of the two Gauss’
laws in electrodynamics was Julius Adams Strattohis 1941 famous (and, admit-
tedly, very attractive) book [7]. His reasoning niegydescribed as follows:

By taking theliv of (1c), the left-hand side vanishes identically whiletba right-
hand side we may change the order of differentiatiith respect to space and time
variables. The result is:
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On the other hand, by taking thés of (1d) and by using the equation of continuity
(2), we find that

Olg e _P|_
a[V-E—g—oj_o (4)

And the line of argument continues as follows: Adiog to (3) and (4), the quantities
V-B and (V-E-p/s,) are constant in time at every poirfy(2) of the region® of

space that concerns uswe now assume that there has been a period ofdimieg
which no e/m field existed in the regigh then, in that period,

V-B=0 and ﬁ-E—p/a‘o:O (5)

identically. Later on, although an e/m field didoapr inQ, the left-hand sides in (5)
continued to vanish everywhere within this regionce, as we said above, those
guantities are time constant at every poinf2ofThus, by the equations for thet of
the e/m field and by the principle of conservatidrcharge — the status of which was
elevated from derivative theorem to fundamental ¢tdvihe theory — we derived Egs.
(5), which are precisely the first two Maxwell etjoas (1a) and (b)!

According to this reasoning, the electromaigribeory is not based on four inde-
pendent Maxwell equations but rather thnee independent equations only; namely,
the Faraday-Henry law €}, the Ampere—Maxwell law @), and the principle of con-
servation of charge (2).

What makes this view questionable is the mg$ion that, foreveryregionQ of
space there exists some period of time during wthiehe/m field in®2 vanishes. This
hypothesis is arbitrary and is not dictated byttieory itself. (It is likely that no such
region exists in the Universe!) Therefore, the argot that led from relations (3) and
(4) to relations (5) is not convincing since it Wwessed on an arbitrary and, in a sense,
artificial initial condition: that the e/m field Bero at some time=0 and before.

Let us assume for the sake of argument, hekydhat there exists a regigh
within which the e/m field is zero fd< t, and nonzero for>t,. The critical issue is
what happens dtty; specifically, whether the functions expressing &im field are
continuousat that moment. If they indeed are, the fieldtstiioom zero and gradually
increases to nonzero values; thus, the line obreag that led from (3) and (4) to (5)
is acceptable. There are physical situations, hewam which the appearance of an
e/m field is so abrupt that it may be consideredfantaneous(For instance, the mo-
ment we connect the ends of a metal wire to a lyatéa electric field suddenly ap-
pears in the interior of the wire and a magnettdfiappears in the exterior. An even
more “dramatic” example ipair productionin which a charged particle and the cor-
responding antiparticle are created simultaneouklys an e/m field appears at that
moment in the region.) In such cases the e/m fglabn-continuousat t=ty, and its
time derivative isot definedat this instant. Therefore, the line of reasorivgy leads
from (3) and (4) to (5) again collapses.

Regarding charge conservation, we mentioreliee that Eq. (2) is derived from
the two non-homogeneous Maxwell equations, nantehyss’ law (&) for the elec-
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tric field, and the Ampere—Maxwell lawd)L This means that the principle of conser-
vation of charge is aecessarycondition in order for the Maxwell system to béf-se
consistent. This condition isot sufficient however, in the sense that it cannot replace
any one of the system equations. Indeed, by theékenplaxwell law and the con-
servation of charge there follows thiene derivativeof Gauss’ law for the electric
field [Eq. (4)]; this, however, does not imply tl@aauss’ law itself is valid. Of course,
the reverse is trudrecausesauss’ law is valid, the same is true for its tidegivative.

Our view, therefore, is that the Maxwell etfpres form a system of four inde-
pendent PDEs that express respective laws of NaWwoesover, the self-consistency
of this system imposes twwecessarybut not sufficient conditions that concern the
conservation of charge and the wave behavior ofithe-dependent e/m field. In the
next section the problem is re-examined from thatpaf view of Bécklund transfor-
mations.

2. A Béacklund-transformation view of Maxwell's equations

In recent articles [8,9] we suggested that, mathieally speaking, the Maxwell
equations in empty space may be viewed as a Batkhansformation (BT) relating
the electric and the magnetic field to each othet.us briefly summarize a few key
points regarding this idea. To begin with, let as the simplest, perhaps, example of
a BT.

TheCauchy-Riemann relatiorsf complex analysis,

L=v @ w=-w 0 (6)

(where subscripts denote partial derivatives wébpect to the indicated variables)
constitute a BT for theaplace equation

Wyx + Wyy = 0 (7)

Let us explain this: Suppose we want to solve ¥iséesn (6) foru, for a given choice
of the functionv(x,y). To see if the PDEs & and (&) match for solution fou, we
must compare them in some way. We thus differen{i@) with respect ty and ()
with respect t, and equate the mixed derivativesuwofThat is, we apply thante-
grability condition (or consistency conditign(uy),= (uy)x - In this way we eliminate
the variablas and we find a condition that must be obeyed(yy):

Vx + Vyy = 0.

Similarly, by using the integrability conditiomJy= (w)x to eliminatev from the sys-
tem (6), we find the necessary condition in ordhat this system be integrable fgr
for a given functioru(x,y):

Uxx + Uyy = O.

In conclusion, the integrability of system (6) witlispect to either variable requires
that the other variable satisfy the Laplace equdfi.

Let nowvg(x,y) be a known solution of the Laplace equation G)bstituting
v=Vp in the system (6), we can integrate this systeth vespect ta. It is not hard to
show (by eliminatingvo from the system) that the solutienwill also satisfy the
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Laplace equation. As an example, by choosing thdiso vy(X,y)=xy of (7), we find
a new solutionu(x,y)= (¢ —y*)/2+C.

Generally speaking, a BT is a system of PD&wmecting two functions (say,
andv) in such a way that the consistency of the systquires thati andv independ-
ently satisfy the respective, higher-order POHEg]=0 and G[v]=0. Analytically, in
order that the system be integrable dpthe functionv must be a solution @&[Vv]=0;
conversely, in order that the system be integréle, the functionu must be a solu-
tion of F[u]=0. If F andG happen to be functionally identical, as in thersgke given
above, the BT is said to be anto-Backlundransformation (auto-BT).

Classically, BTs are useful tools for findisglutions of nonlinear PDEs. In [8,9],
however, we suggested that BTs may also be usefusdlvinglinear systemsof
PDEs. The prototype example that we used was thewklh equations in empty
space:

a) V-E=0 © ﬁxéz_z_?
- (8)
. . oE
(b) V. B:O (d) V x BZEOIIJO E

Here we have a system of four PDEs for two veddd$ that are functions of the
spacetime coordinates,y,zt). We would like to find the integrability conditis nec-
essary for self-consistency of the system (8).hi® énd, we try to uncouple the sys-

tem to find separate second-order PDEsHoand B, the PDE for each field being a
necessary condition in order that the system (8phtegrable for the other field. This
uncoupling, which eliminates either field (electdac magnetic) in favor of the other,
is achieved by properly differentiating the systeguations and by using suitable vec-
tor identities, in a manner similar in spirit toathwhich took us from the first-order
Cauchy-Riemann system (6) to the separate secalail-baplace equations (7) far
andv.

As discussed in [8,9], the only nontriviatagrability conditions for the system
(8) are those obtained by using the vector idestiti

Vx(VxE)=V(V-E)-V?E )
Vx(VxB)=V(V-B)-V?B (20)

By these we obtain separate wave equations fagldutric and the magnetic field:

,
vzé—goyoa—'fzo (11)
ot
-
VZE—gOuOZT?zo (12)

We conclude that the Maxwell system (8) in emptscgpis a BT relating the e/m
wave equations for the electric and the magneéld fiin the sense that the wave
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equation for each field is an integrability conaiitifor solution of the system in terms
of the other field.
The case of the full Maxwell equations (1ljnere complex due to the presence of

the source terms, J in the non-homogeneous equationa) (dnd (). As it turns

out, the self-consistency of the BT imposes restns on the terms of non-
homogeneity as well as on the fields themselveforBave get to this, however, let
us see a simpler “toy” example that generalizesdhthe Cauchy-Riemann relations.

Consider the following non-homogeneous lireatem of PDEs for the functions
u andv of the variables, y, z t:

b=y @) L=V Pz O
(13)
Uy = — W (b) hW=Vvi+(q (X! Y, Z, t) (d)

wherep andq are assumed to be given functions. The necessasistency condi-
tions for this system are found by cross-differanin of the system equations with
respect to the variablesy, z t. In particular, by cross-differentiating)(and ) with
respect tok andy we find thatuytu,,=0 andvy+vy,=0; hence botlu andv must sat-
isfy the Laplace equation (7). On the other hamdss:differentiation ofd) and ()
with respect t@ andt eliminates the fundamental variableandyv, yielding a neces-
sary condition for the terms of non-homogenegyandq; that is, pr— g, = 0. This
means that the functiomsandqg cannot be chosen arbitrarily from the outset bustm
conform to this latter condition in order for theseem (13) to have a solution.

As an application, let us take=xy+zt (which satisfies the Laplace equation
VictVyy=0) and let us chooge=2t andq=2z (so thafp;— g, = 0). It is not hard to show
that the solution of the system (13) tois then given by

u(x,y,zt) = 0¢=y)/2+3zt +C.

Notice thatuytu,,~=0, as expected.

Let us now return to the full Maxwell equaiso(1), which we now view as a BT
relating the electric and the magnetic field andtaming additional terms in which
only the sources appear. As can be checked, thenmeosv three nontrivial integrabil-
ity conditions, namely, those found by applying treetor identities (9) and (10), as
well as the identity

V-(VxB):O (14)

(the corresponding one fdE is trivially satisfied in view of the Maxwell sysh). By
(9) and (10) we get the non-homogeneous wave emsati

- 0’E 1. 0J
V2E — g 1y o = = Vp + 15
oﬂoatz ) /Joat (15)
0z
05 B -
\Y% B—EO/JOW:—/JOVXJ (16)
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Additionally, the integrability condition (14) yié$ the equation of continuity (2),

7.3+ -0 (17)
ot

expressing conservation of charge. Notice thatiken|15) and (16), the condition
(17) places priori restrictionson the sourcegather than on the fields themselves!

In any case, the three relations (15) — @ré)necessaryconditions imposed by
the requirement of self-consistency of the BT @3.explained in Sec. 1, however,
these conditions armeot sufficient in the sense that none of them may replace any
equation in the system (1). In particular, the éguaof continuity (17) may not be
regarded as more fundamental than the Gauss Evigilthe electric field.

3. Conclusions

Let us summarize our main conclusions:

1. The Maxwell equations (1) express fourasage laws of Nature. These equa-
tions are mathematically consistent with one anotie constitute a set of independ-
ent vector relations, in the sense that no singleagon may be deduced by the re-
maining three. In particular, the physical argursetiat attempt to render the two
Gauss' laws “redundant” are seen to be artifioid anrealistic.

2. We consider the Maxwell equations as [aylsi acceptable simply because
the system (1) and all conclusions mathematicabyvd from it represent experimen-
tally verifiable situations in Nature. Among thesenclusions are the conservation of
charge and the conservation of energy (Poyntinigéoriem). It should be kept in
mind, however, that conservation laws appeac@sequencesf the fundamental
equations of a theory, and not vice versa. In galdr, conservation of charge, in the
form of the continuity equation (17), is a physigalerifiable mathematical conclu-
sion drawn from the Maxwell system (1) but it magt be regarded as more funda-
mental than any equation in the system. The saméeaaid with regard to the exis-
tence of e/m waves, expressed mathematically by(Edyand (12).

3. From a mathematical perspective, the Mdixsystem (1) may be viewed as a
Backlund transformation (BT) the integrability catnehs of which (i.e., theneces-
sary conditions for self-consistency of the system)ldjiseparate (generally non-
homogeneous) wave equations (15) and (16) for lbarie and the magnetic field,
respectively, as well as the equation of contin(dfy). These integrability conditions
are derived bylifferentiatingthe BT in different ways; hence they carry ledsrima-
tion than the BT itself. Consequently, none ofititegrability conditions may replace
any equation in the Maxwell system.
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