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We discuss the following general problem: given a composite, made from at least two
different materials with each its own (scaar, and possibly complex-valued) ¢ and u, distributed
in spacein aregular, crystal-like, pattern, find the equivalent permittivity and permeability (they
will, in general, be tensors). This is homogenization. A computation in which such repetitive
composites are present can then be done by simply replacing these with their equivalent,
homogenized, materials.

Homogenization, however, is a frequency-dependent process, and the point of the present
articleisto stressthis, which seemsto have been overlooked by applied mathematicians. Intuitively,
it makes sense: afinely-meshed conductive grid may, for instance, be impervious to micro-waves,
and effectively shield against them, whereas one can see through it. So its "effective penetration
depth”, that is, the penetration depth of its equivalent material, depends on frequency. Most
theoretical studies on homogenization theory, however, seem to ignore this dependence. We
wish to present here an approach in which full attention is given to this problem.
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Fig. 1. Repetitive, conductive grid. The equivalent homogenized medium is opaque to waves
in the GHz range: it behaves as if there was an equivalent skin-depth, small, but quite large with
respect to the conventional skin-depth in the metal. On the right, the basic cell.

Asamodel problem, consider the regular grid of Fig. 1. Assume awavelength of about
12 cm (thisisthe"large scale"), and asize of the basic brick in Fig. 1, left (referred to, from now
on, as "the cell"), of a few millimeters (this is the "cell scale"). If one is interested in the
absorptive properties of such a periodic medium [2, 3], the relevant question is therefore to
homogenize Maxwell equations,

—iod+roth=j° iwb+rote=0, (1)
d=¢ee= (¢, - oim) e, b=uh 2

where o is the conductivity of the metal, and j° some "source"-current (not necessarily



divergence-free). Asaresult, we expect the large-scale behavior of the field to be describable by
the following equations:

_joD+rotH=j° iwB+rotE=0 (3), {D,B} = M(w) {E, H}. 4)

Here, the so-called "large-scaefields’ D, B, E,H arethe spatial averages, across severa cells, of
the actua fields d, b, e, h. They thus result from "filtering out" the cell-scale variations of d, b, €,
h, that is, their high-frequency (spacewise) components. Asfor the 6 X 6 complex matrix M, it
describes the homogenized constitutive laws. One might expect M to be block-diagonal, with
"equivalent", tensorial, ¢ and w asits diagonal blocks, but although this is certainly what
happens at zero frequency, the general case is different: one may not a priori rule out the case
when the other two blocks would differ from O.

Let us assume Maxwell equations (1)(2) are to be solved in some spatial domain D,
bounded by asurface S, and filled with arepetitive pattern of conductor and air, as suggeted by
Fig. 1. For definiteness, suppose j° = 0, the source of the field being in the boundary conditions
on S. (What these are isirrelevant to homogenization, but of course, once M(w) has been
obtained, these same boundary conditionswill apply to (3)(4).) To specify the spatial periodicity
of o, let usintroduce three fixed, independent, spatial vectors d,, d,, d,, and atypical length L, in
such away that

oxxLa)=0o(x), Vxin Dy, i=123, 5)

where D, isapart of D that containsall points farther from S than some specified distance
d, larger than L. (Near the boundary, the behavior of o has no special symmetry, hence the
restrictionto D,.) Thisimpliesasimilar "quasi-periodicity” condition about &, and we may as
well, for the sake of generality, assume the same about u. Wecall "cell at x", denoted by C,,
the set of all pointsof theform x+Y ,_, ,,L 6,9, for -'/, < 6, < */,. Wemay always select
coordinates in such away that the originisin D,. Wethencall C thecell a 0. Wesay afield
u is C-periodiciff it satisfies the following condition (stronger than (5))

ux+La)=uXx), VxinE, =123, (6)

where E, denotes the whole Euclidean three-dimensional space. Although the problemisto be
solved over D, we make once and for all the convention that all fields are over all E,, by
assigning to them thevalue 0 outside D.

Let x bea"mollifier", that is, a smooth non-negative function, invariant by rotations
around O, satisfying [y = 1, with a support supp(y) centered at 0 and of small diameter,
though large with respect to the cell-size. Let us define E = y = e, where = denotes the
convolution product, and smilarly, H, D and B. Since B and E have small variations over
the cell, we may substitute truncated Taylor expansions for them: B(x) =B + (...), €tc., where B
isthevalue of B at theorigin. Since, by linearity, iwB + rot E =0 must hold, the shorter
limited expansions that match are E(x) =e— '/, ime x X + (...), B(X) =8+ (...), and similarly,
H(X) =H + *,iop x x and D(x) = b + (...), where the dots denote the remainders.

Now, if D wasthewhole space, onewould have, by a straightforward Fourier decomposition,
e=E+e. and h=H + h., where e, and h. are C-periodic, and satisfy

Jeec=0, Jehe=0. (7)



For abounded D, of course, such a simple decomposition does not hold, and we only have e=
E+e.+e, and h=H+ h. + h;,where e. and h. are C-periodic fieldsthat satisfy (7), e
and hy being "residual” fields of small (vanishing with L) magnitude inside D,. But this
remark suggests a powerful heuristic: we'll neglect these residuals, as well as the higher order
termsin the previous expansions. Let usthusreplace e and h in (1) with e—*/,iws x X + e,
and H+ '/, iwp x X + h., where e. and h. are C-periodic. Thisyields

~ i€ (x) + rot he(x) = i - €8) + £ B x X, ©)
o he(x) + rot () = (e - pH) + 120 x X 9)

a boundary-value problem over the cell C, setintermsof e. and hg, subject to (7) and to
periodicity conditions. There are four parameters in this problem, namely the three-dimensional
complex vectors p,B,e and H, and not any combination of such parameters will give a solution:
as will be clear later, they should satisfy a compatibility condition of the form {p, B} =
M (w) {E, H}, which is precisely the homogenized constitutive law we are looking for, since b, B, E
and H arethe averages, over the cdll, of the large-scalefields D, B, E, H.

Before going on, let us put this statement to asmple test: in the case of an homogeneous
material (¢ and p constant over C), one should have b = e and B = uH as compatibility
conditions. Indeed, thisis what comes from averaging (8) and (9) over C, for the average of
termslike x — B x x is 0, sincethe cell iscentered at the origin.

Notethat e. + e and h. + 1 are C-periodic fields also, and that their averages over the
cel are £ and H. Thisremark allows us to present the previous problem in adightly ssimplified
form, find C-periodicfields e. and h. (no more subject to (7)) such that

~ e (x) + rot he(x) = —io + £ 8 x X, (10)
iop Ne(X) + ot e(x) = iwe + K20 x X, (12)

thenset e = (J. e.)/vol(C) and H = (J. h.)/vol(C), hence M(w), or rather, itsinverse. Thiswe
shall call the"cell-problem™. No more compatibility conditionnow: o and B clearly appear as
source-terms in the cell-problem, which yields the corresponding e and H plus, if needed, the
local fields at the cell-scale, e.—*/, iws x X and h. + '/, iwp x X.

In practice, the cell-problem (10)(11) will be solved via finite elements, so let us give a
weak formulation for it. Using the standard notation IL*(C) for square-integrable complex-valued
vector fieldsover C, letusset IL? (C) = {u € IL*C) : rot u € IL*(C)}, and intro- duce the
following, ad-hoc notion (Fig. 2): the warp of

AN
u € IL? (C) across the cell, denoted by [n x u], is the
tangentia field L
83 4 )
X = N(X) x U(X) + N(TX) x U(TX) L, © <o -
X v
defined on the boundary dC of C, where (cf. inset) T '»o
denotes the image of x by one of the translations + L4, Lo, ™

and n the outer unit normal. (There is a unique such
trandation for dl pointsin dC, except a corners, so thewarp is properly defined, dmost-everywhere
on 9C.) We may then define the functional spaces IE. = IH. = {u € IL? (C): [nx u] =0}.



Fieldsin IE. and IH. ("warp-free" fields) are obviously in one-to-one correspondence with the
above mentioned C-periodic fields. Now take the scalar product of both sides of both equations
(20) and (11) by warp-freetest-fields € and h', and integrate over C. Thisresultsin

—ioofcsec.e'+fchc.rote':—imfco.e'+fc%zsxx.e'(x)dx,
i whe I+ foec . Toth = iofe 8. b+ fo 2970 x x . hi(x) d,

where dx denotes the volume element. We find two complementary (and equivalent) weak
formulations by eliminating either e. or h., hencethetwo problems, find e. in IE. such that,
for al € in IE,,

iwfoee..€+[.(ion)'rote,.rote€=f.u'e.rote - f.im/2p x X . rot €(x) dx
+iwaD.e'—fc%zsxx.e'(x)dx, (12)
and thesimilar onein h, find h. in IH. suchthat,for all h' in IH,
iwfcuhe.h+ [ (iwe) ' roth..roth'=—f.e "' p.roth —[.iw/2 8 x X . rot h'(x) dx

+iofes. '+ [ 14270 x x . i(x) dx. (13)

Both problems have a unique solution, unless o happens to be a resonant frequency of
C, but that is not possible if o > 0 somewhere [1]. Their solution via edge-elements is
straightforward (the periodicity condition is especially easy to implement: just assign the same
degree of freedom to a boundary edge e and to itstranslate by t). For the computation of e
and w, look at (10) and (11): by averaging the equality e.(x) = (iwe)™" rot ho(x) + €' o +
iw/2 B x X and the similar one about h., wefind

e=[J; (iwe) ' roth, + f. €' o]val(C), H=[-J. (iww) "' rote. +f. u's]ivol(C). (14)

When one does all this, it may come as a surprise to see "cross-dependencies’: s, eg.,
depends not only on 1 but on £ aswell, and b depends both on £ and H. Thiskind of
behavior, which is characteristic of the so-called chiral materials (because they rotate the polarization
plane of waves), may result from homogenization, even if the congtituents are not chiral themselves.
What is required for this to happen is some geometrical chirality at the cell leve, that is, the cell
should fail to be congruent with itsimage by central symmetry. So homogenized media are also,
asarule, chira media
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